Abstract. Let us consider a cyclic extension of a function field defined over a finite field. For a character (non-trivial) of this extension, we calculate, as a linear combinations of products of Jacobi sums, the coefficients of the polynomial given by its Dirichtlet L-series.
Introduction
In [W] it is proved that the Hasse-Weil L-function for Fermat curves has an analytic continuation to the whole complex plane. It is proved bearing in mind that these curves are abelian coverings of the projective line, ramified at three points, and hence it is deduced that the p-local term of the Hasse-Weil L-function is the L-series associated with a Hecke character which came from a Jacobi sum.
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If we have cyclic ramified coverings of a smooth curve, defined over finite fields, then the L-series associated with the characters (non trivial) for these coverings are polynomials. In [D] , it is proved that the constant term of these polynomials is given by Jacobi sums.
In this article we calculate, in terms of Jacobi sums, the coefficients of these polynomials. We shall show that these coefficients are explicitly given by linear combinations of products of Jacobi sums.
Previous notation and preliminaries
Let F q be a finite field of q = p h elements, where p is a prime integer.
Let m be a positive integer with m|(q−1). Let us consider the primitive (q − 1)-root of the unity ǫ q−1 and a prime ideal, p ⊂ Z[ǫ q−1 ], over the prime p. Let Y, X be smooth, proper and geometrically irreducicle curves over F q and let Σ Y , Σ X be the function fields of Y and X, respectively. Now, let us consider Y → X, a ramified Galois covering with Galois group G := Z/m, ramified at (d + 1)-different rational
and where D is a divisor on X (note that
We denote by k(x i ) the residual field of x i .
We consider the effective divisors E : 
It is not hard to see that the tensor product defines a group law for the level structures. We denote by Pic and hence, we obtain an exact sequence of groups
By class field theory, [S] 
of group G, ramified at T , there exists a surjective morphism of groups
Now we shall build a section for the morphism θ : Pic
We shall fix an m-level structure for the line bundle O X (D) . If D is an effective divisor on X with support outside T then by considering the natural morphisms
2 is a divisor with support away of T and
We now consider D = r · x i + K with x i ∈ T , supp(K) ∩ T = ∅ and we set t x i a local parameter for x i , with sup(div(t x i )) ∩ T = ∅.
As above, we obtain a level structure for t
Example 1. If we consider X = P 1 , with Σ P 1 = F q (x), div(x) = 0 − ∞ and the local parameter x −1 for ∞, then the ∞-level structure
Let L be a line bundle on X. By taking account the identifica-
We define the space of m-
We have that if s, s
L-series
Let F y be the Frobenius element for y ∈ X \ T . We consider the L-series associated with the character χ f ,
We consider a divisor of degree 1, D 1 on X and we denote L(i) :=
. In [Al, 3] , by using [A, 4.1.1] , this L-series is calculated in terms of the m-level structures
The second sum is over all level structures classes (L,
O X → O X /m ′ epimorphisms. Thus, in the isomorphism class of a level structure (L, ι m ) we can choose the element (L, π
, and therefore we can fix the x 0 -level structure in the classes of m-level structures. Let F be either E or E ′ . We denote
). Since we fix the x 0 -level structure, the subgroup
E acts transitively on the classes of m-level structures of the fiber θ −1 (L).
Proposition 3.1. We have
The second sum is over all the classes (with the algebraic equivalence) of divisors of degree 0, D on X \T and the third sum is over all
Proof. By considering the level structure l
and bearing in mind
We have that the L-series (*) is equal to
where the third sum is over all
and therefore, h
we have fixed the x 0 -level structure in the classes of m-level structures.
To conclude, it suffices to prove that h
) and we conclude.
Example 2. As in Example 1, we consider X = P 1 , the line bun- 
if and only if deg(u(x)) = r and u(x) is monic.
Jacobi sums and L-series
Let us consider, α 1 , · · · , α d , α ∈ F q and the linear form ω d (z) =
When z i = 0, we set χ
. Let us consider the aplication
and we denote H
). Thus, we have
We conclude, bearing in mind Lemma 4.1, by considering A =
We denote by Q :
In the next Theorem we follow the notation of Proposition 3.1. 
Proof. For the first assertion it suffices to consider the isomorphism , is a sum of (q − 1) e products of d − r Jacobi sums.
Proof. By taking D 1 = ∞, this follows from Proposition 3.1, Example 2 and Theorem 1.
Example 3: Let us consider the elliptic curve y 2 = x(x−1)(x−λ), X = P 1 , Σ X = F q (x), p(x) = x(x − 1)(x − λ) and Σ Y = F q (x, p(x)).
We have that L(t, χ f ) = t 2 + a q · t + q 2 .
By Examples 1, 2 and Corollary 4.3 the affine subvariety of dimension
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